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Abstract

Due to the stochastic character of the intensities of information flows in high performance
information systems, the size of data available for the statistical analysis can be often regarded
as random. The purpose of this paper is to present some means for the comparison of the quality
of estimators constructed from samples with random sizes with that of estimators constructed
from samples with non-random sizes. As this means it is proposed to use the deficiency. It can
be an illustrative characteristic of a possible loss of the accuracy of statistical inference if a
random-size-sample is erroneously regarded as a sample with non-random size. It is heuristically
shown that if the asymptotic distribution of the sample size normalized by its expectation is not
degenerate, then the deficiency of a statistic constructed from a sample with random size whose
expectation equals n with respect to the same statistic constructed as if the sample size was
non-random and equal to n, grows almost linearly as n grows. A non-trivial behavior of the
deficiency is possible only if the random sample size is asymptotically degenerate. This is the case
considered in the paper where the deficiencies of statistics constructed from samples whose sizes
have the Poisson, binomial and special three-point distributions, respectively, are considered.
Some basic results dealing with some properties of estimators based on the samples with random
sizes are also presented.
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Introduction

Motivation for the consideration of statistics constructed
Jfrom samples with random sizes

In most cases related to the analysis of experimental data, the
number of random factors which influence observed objects
is random and changes from one observation to anorher. Due
to the stochastic character of the intensities of information
flows in high performance information systems, the size of
data available for the statistical analysis can be often regarded
as random. In classical problems of mathematical statistics,
the size of the available sample, i. e., the number of available
observations, is traditionally assumed to be deterministic. In
the asymptotic settings it plays the role of infinitely increasing
known parameter. At the same time, in practice very often the
data to be analyzed is collected or registered during a certain
period of time and the flow of informative events each of
which brings a next observation forms a random point process.
Therefore, the number of available observations is unknown
till the end of the process of their registration and also must
be treated as a (random) observation. For example, this is so in
insurance statistics where during different accounting periods
different numbers of insurance events (insurance claims or
insurance contracts) occur and in high performance information
systems where due to the stochastic character of the intensities
of information flows, the size of data available for the statistical
analysis can be often regarded as random. Say, the statistical
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algorithms applied in high-frequency financial applications
must take into consideration that the number of events in a
limit order book during a time unit essentially depends on the
intensity of order flows. Moreover, contemporary statistical
procedures of insurance and financial mathematics do take
this circumstance into consideration as one of possible ways
of dealing with heavy tails. However, in other fields such as
medical statistics or quality control this approach has not
become conventional yet although the number of patients with
a certain disease varies from month to month due to seasonal
factors or from year to year due to some epidemic reasons and
the number of failed items varies from lot to lot. In these cases
the number of available observations as well as the observations
themselves are unknown beforehand and should be treated as
random to avoid underestimation of risks or error probabilities.

In asymptotic settings, statistics constructed from samples
with random sizes are special cases of random sequences with
random indices. The randomness of indices usually leads to that
the limit distributions for the corresponding random sequences
are heavy-tailed even in the situations where the distributions
of non-randomly indexed random sequences are asymptotically
normal [1-3]. For example, if a statistic which is asymptotically
normal in the traditional sense, is constructed on the basis of a
sample with random size having negative binomial distribution,
then instead of the expected normal law, the Student distribution
with power-type decreasing heavy tails appears as an asymptotic
law for this statistic [1,4].
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At the same time, according to the conventional logics of the
statistical analysis, the distributions of the statistics (estimators,
tests, etc.) to be used for the statistical inference should be known
before the actual sample is observed in order to calculate critical
values or thresholds. As a rule, asymptotic approximations by
limit distributions of statistics are used instead of the exact
distributions because the former are considerably easier
computable than the latter. As this is so, in limit theorems of
probability theory and mathematical statistics the centering and
normalization of random variables are used to obtain non-trivial
asymptotic distributions. It should be especially noted that to
obtain reasonable approximation to the distribution of the
basic random variables, both centering and normalizing values
should be non-random. Otherwise the approximate distribution
becomes random itself and, say, the problem of evaluation
of quantiles required for the calculation of critical values or
confidence intervals becomes senseless.

Throughout the paper we use conventional notation: R is the

set of real numbers, N is the set of natural numbers, A(n) ~ f(n),
d
n — oo if and only if lim,../(n)/ f(n) =1. The symbols=, =

and [] denote the coincidence of distributions, convergence in
distribution and the end of the proof, respectively.

Consider a family of probability measures P ={F,:0€®} each
of which is defined on a measurable space (Q2,§). Consider
a sequence of random variables (r.v.’s) X,, X,,... defined on a
measurable space (€2,§). Everywhere in what follows consider
the random variables X »X,... 10 be independent and identically
distributed (i.i.d) with common distribution#,. Let N, N,
be a sequence of nonnegative integer random variables with
common distribution P defined on the same measurable space
so that for each n > I the random variable N, is independent of
the sequence X, X,... with respect to any measure P, from P.
A random sequence N, N, (N, with distribution P,i =1, 2,...)
is said to be infinitely increasing (N, — o) in probability P, if
P(N,<M)— 0asn— ooforany M e (0, ). Forn=>1, let T,
=T (X,.., X ) be a statistic, that is, a measurable function of
ther.v.’s X,..., X . For each n > ] define the r.v. T, by letting:

TZ\VH (0)= T\',’(w) (Xl (@),..., X}V”(m) (0)))

for every elementary outcome w € Q. Assume that for each 6 €
O there exists:

E€ ]:1 = g(e)a

where E, =E,, is the expectation w.r.t. distribution F,=F,,
of T . We will say that the statistic 7, is asymptotically normal,

T, ~ N(g(0).5*(0). 0% (0)> 0. n— e,
if
B, (Vn o(OXT, ~ g(0) <x ) = ®(x). n—>on(1.1)
for each 0 € ©.

The following statement describes the change of the limit law
of an asymptotically normal statistic when the sample size is
replaced by a r.v. (Theorem 3.3.2) [5].

Lemma 1.1. Assume that N, — oo in probability P as n — oo.
Let the statistic T be asymptotically normal in the sense of
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(1.1). Then a distribution function F(x) such that

B, (Vi o(0XT, - 2O) <x)= F(x), n—>w,

exists if and only if there exists a distribution function Q(x)
satisfying the conditions Q(0)=0,

F(x)= [ ®xy)dO(y), xeR, PN, <n)=0(x), n->c.

The concept of deficiency

Before turning to the general case of statistics constructed from
samples with random size, that is the main aim of the present
paper, let us recall the notion of a deficiency of a statistical
estimator for the traditional case where the sample size is non-
random [6].

Suppose that T (X,....X,) and 7 (X,,....,X,) are two
competing estimators of g(f), € € ® based on n observations
X,..., X and let their expected squared errors (risk functions)
be denoted by R,(0) and R,(0), respectively. An interesting
quantitative comparison can be obtained by taking a viewpoint
similar to that of the asymptotic relative efficiency (ARE) of
estimators, and asking for the number m(n) of observations
needed by estimator 7,,,(X),--.,X,,,,) to match the performance
of 7' (X,,...,X,) (based on n observations). The asymptotic (as n
— o) comparison of the two estimators involves the comparison
of m(n) with n, and this can be carried out in various ways.
Although the difference m(n) - n seems to be a very natural
quantity to examine, historically the ratio n/m(n) was preferred
by almost all authors in view of its simpler behavior. The first
general investigation of m(n) - n was carried out by Hodges
and Lehmann [5]. They name m(n) - n the deficiency of 7 with
respect to 7, and denote it as:

d =m(n)—n(l.2)

Suppose that for n — oo, the ratio n / m(n) tends to a limit b, the
asymptotic relative efficiency of T, (X,,..., X ) with respect to
T'(X,,....X,). If0 <b< I, we have d ~ (b”- I) n and further
asymptotic information about ¢ is not particularly revealing.
On the other hand, if b=1, the asymptotic behavior of d , which
may now be varying from o(1) to o(n), does provide important
additional information.

If lim,-d, exists, it is called the asymptotic deficiency of T |
with respect to 7, and denoted d. At points where no confusion
is likely, we shall simply call d the deficiency of T with respect
to 7°.

The deficiency of T relative to T will then indicate how many
observations one loses by insisting on T, and thereby provides
a basis for deciding whether or not the price is too high. If the
risk functions of these two estimators are:

R,(0)=E,(T,-g(9)", R,(0)=E, (T, -g(9),

then, by definition, d (¢) = d, = m(n) - n, for each n, may be
found from

R,(6)=R, (6).(13)

In order to solve (1.3), m(n) has to be treated as a continuous
variable. This can be done in a satisfactory manner by defining
R, (0) for non-integer m(n) as:

R,y (0)=(A=m(n)+[m(m)DR,,,, (0) + (m(n) —[m(n)DR,,,(,,..(0) [6].
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Generally R;(0) and R,(6) are not known exactly and we have to
use approximations. Here these are obtained by observing that
R(9) and R,(0) will typically satisfy asymptotic expansions
(a.e.) of the form:

R =42 2D o0
n
R =4O O o (19)

for certain a(6), b(f) and c(6) not depending on n and certain
constants » > 0, s > 0. The leading term in both expansions is the
same in view of the fact that ARE is equal to one. From (1.2) -
(1.5) is now easily follows that [6]

_ c(0) - b(0) (1-s) (1-s)
d,(0) — @) n" " +o(n").(1.6)
Hence,
d@)=d= {ioo, 0<s< l,lmmw, s=1,1mm0, s>1.(1.7)
ra(6)

A useful property of deficiencies is the following (transitivity):
if a third estimator fn is given, for which the risk R (9) also
has an expansion of the form (1.5), the deficiency d of 7 with
respect to 7, satisfies the relation d = d ,+ d,, where d, is the
deficiency of 7, with respect to T’ and d, is the deficiency of T
with respect to 7; .

The situation where s = | seems to be the most interesting one.
Hodges and Lehmann [6] demonstrate the use of deficiency in a
number of simple examples for which this is the case (for testing
problems see also [7-10]).

The purpose and structure of the paper

The purpose of this paper is to present some means for the
comparison of the quality of estimators constructed from
samples with random sizes with that of estimators constructed
from samples with non-random sizes. As this means we propose
to use the deficiency. It can be an illustrative characteristic of a
possible loss of the accuracy of statistical inference if a random-
size-sample is erroneously regarded as a sample with non-
random size. The present paper develops the research started [3]
and presents a number of applications of the deficiency concept
in problems of point estimation in the case when the number of
observations is random.

Section 2 contains main results. First, in Section 2.1 we
heuristically show that if the d.f. 0(x) in Lemma 1.1 is not
degenerate, then the deficiency of a statistic constructed from
a sample with random size whose expectation equals n with
respect to the same statistic constructed as if the sample size
was non-random and equal to n, grows almost linearly as n
grows. A non-trivial behavior of the deficiency is possible
only if the random sample size is asymptotically degenerate.
This is the case considered in Sections 2.3, 2.4 and 2.5 where
the deficiencies of statistics constructed from samples whose
sizes have the Poisson, binomial and special three-point
distributions, respectively, are considered. Section 2.2 contains
some preliminary basic results dealing with some properties of
estimators based on the samples with random sizes. Sections
3 - 5 contain results concerning deficiencies of asymptotic
quantiles.

In this paper we focus on the case where the sample size is
independent of the r.v.’s forming the sample. This assumption,
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first, is made for the sake of simplicity of the methods used
to obtain the qualitative results. Second, in many applied
problems this assumption does not contradict the essence of the
problem. For example, this is so when the data is accumulated
within a prescribed time interval (a month, a year, etc.), but
the informative events form a stochastic flow. This situation
is typical for financial and insurance practice or any other
field of activities with accounting periods. Moreover, the
independence of X, X, ... is not crucial since basic Lemma 1.1
can be proved without this assumption [5]. Third, most papers
considering non-independent sample sizes deal with the case of
asymptotically degenerate indexes. This is just the case yielding
non-trivial results in the present paper. It seems that using
martingale techniques or imposing some concrete conditions on
the character of dependence between the sample elements and
the sample size, the results of this paper can be extended for the
non-independent case.

Deficiencies of Some Estimators Based on the
Samples with Random Size

The asymptotic behavior of the deficiency of a statistic
constructed from a sample with random size

The interpretation of the deficiency as the number of additional
observations required to attain the same quality here needs to
be refined since this number becomes random in random-size-
samples problems. In order to circumvent this difficulty assume
that ther.v.’s N, N,, ... are parameterized by their expectations:

EN,=n, neN.

This assumption will enable us, instead of comparing random
variables, to compare their easily tractable parameters.

Before we construct the exact formulas for the deficiencies so
tractable, we have to make some important heuristic comments
concerning the boundedness of the deficiency as a function of
the parameter n. By X without any indexes we will denote a
r.v. with the standard normal distribution N(0, 1). Let T be an
asymptotically normal (1.1) (with (@) = 1) statistic constructed
from the sample X ,..., X , T, v, be (the same) statistic constructed
from the random-size-sample X,..... X, . Assume that £, 7, = g(6)
, neN, implying ne v, n €N (Theorem 2.1). Denote,

R(O)=E,(T,~g@®)", R(0)=E, T, ~g@O).

From Lemma 1.1, for n large enough we have the approximate
relations:

= g(0) +——+ o(n”"?),

Jun

T,=80)+ o). T,
Where,
PWU<x)=0(x), xeR,

and the r.v.’s X and U are independent. Therefore,

R,(0)=E, ( +o(n) = E (== ) +o(n ):l+0(n )s

7 n

R (6)=E, (——+o(n")* = E( +o(n™).

«F r) +o(n™)=

Equating R,(6) and R, (6) we obtain,

1 E
—+o(n")=
n

nrd) +o((n+d,)™)

or
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ﬂ=D-¢—o(l), n—> oo,
n

Where,
D=EU"-1.

So, in general, if EU> I, thend = O(n) . And the only possibility
for d_to be o(n) and, in particular, to remain bounded, is the
case:

EU'=1.

In general, if in addition to the conditions of Lemma 1.1, the
family {N / n} _, is uniformly integrable, then the conditions
of Lemma 1.1 and £ N, = n imply that EU =1, so that by the
Jensen inequality we have EU’ > [ with the equality attainable
if and only if

PU=1)=1.

In other words, for the deficiency d, to be bounded in n, it is
necessary that the sample size N, should be asymptotically
degenerate in the sense that

— 1
n
in probability as n — oo. This property is inherent in sample sizes
with the Poisson, binomial and special three-point distributions
considered in the present paper.

Itis worth noting that an example of geometrically distributed N,
for which the limitr.v. U as the exponential distribution vividly
illustrates the possibility of the deficiency to be unbounded
since in this case the Fréchet distribution of the r.v. U has the
infinite first moment.

Summarizing the abovesaid we conclude that if the d.f. Q(¥) in
Lemma 1.1 is not degenerate, then the deficiency of a statistic
constructed from a sample with random size whose expectation
equals n with respect to the same statistic constructed as if the
sample size was non-random and equal to n, grows almost
linearly as n grows. A non-trivial behavior of the deficiency
is possible only if the random sample size is asymptotically
degenerate. This is the case to be considered in the present

paper.

Some properties of estimators based on the samples with
random sizes

Assume that for eachn > / the r.v. N, takes only natural values
(i.e., N,eN) and is independent of the sequence X, X, ...
Everywhere in what follows the r.v.’s X, X ,... are assumed
independent and identically distributed with distribution
dependingon gc®cR.

Recall that we assume that,
EN,=n,
that is, the expected sample size equals the sample size for the

case where it is non-random, that is, the r.v. N, is parameterized
by its expectation #.

Theorem 2.1.
/7
EH T;z = g(g)a 06@9
Then,
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E, TNn =g(0), 0.
2. Let

R(0)=E, (T, -g(0)), - g(9)".

Assume that there exist numbers a(6), b(6), C(6) >0, a >0, r>
0 and s > 0 such that

. _a(6’) b(0)
|R,(0) "

Rn(e) = E9 (TNH

_ €O

|<

rs res+a”

Then,
IR, (0)—a(@)EN,"-b(O)EN,” |[<C(O)EN,""“.

Proof: The desired relations can be easily obtained by the
formula of total probability formula. Namely, we obviously
have

E, T, =Y E, T, P(N,=k)=) g(@)P(N,=k)=
k=1 k=1

~2(0)Y, PN, =)= g(0).0 <0,
and v

IR (0)—a(@)EN" —b@)EN," |=

=135, - 500" PO, =K -a(@) S = o) 3 PO -

_40) b0
kr' kr+s

iw (1, - gty - 4020

i[E T, - g(0)

1PN, =k)|<

| P(N, =k) <

2 C(0)

Ms

< P P(N,=k)=C(@)EN,"™. O

=~
0

Corollary 2.1. Let R (0)=E, (T, — g(9))’, R,(0)=E, (T, —g©®)

. Assume that there exist numbers a(0), b(6), r > 0 and s > 0
such that

RO a(e) b(e)

Then,
R (@)=a(@)EN,"+b(O)EN,"™.
Consider some examples.

1. Let observations X,..., X have expectation £, X, = g(6) and
variance DX, = 0°(0). The customary estimator for g(¢)) based
on n observation is

1 n
T,==Y X.(2.1)
n s
This estimator is unbiased and consistent, and its variance is

2
R©=0,1,-Z9.
n

If this estimator is based on the sample with random size, then
we have (see Corollary 2.1)

R(0)=D,T, =c*()EN,'.(2.3)

2. Now, if g(0) is given, for ¢°(0) we consider the estimator of
the form

T.- % > (X, - 204
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This estimator is unbiased and consistent, and its variance is

_ (0 -*0)
n

R.(®)=D, T, ,2.5)

Where, 1 (0) = (X, - g(0))* . For this estimator based on a sample

with random size we have
R.(0)=D, Tx, =(1,(6)— () E N,".(2.6)

3. In the preceding example suppose that g(6) is unknown and
instead of (2.4) we consider any estimator of the form

T,= T(;/)——Z(X ), yeR.(2.7)
with 7 _defined in (2.1). If y}/;é 1, this estimator is not unbiased

but may have a less expected squared error than the unbiased
estimator with y = -1. One easily obtains (3.6) [6].

Y F 2 2 0 4

Ri0)=E, (Fr - 0*(0)) = (fH( )) (- 1)((”29;—1)(;1 1)+ 2)+n(y +1)]
and hence,

=" 1 u,(6) 7+1 @)

k@)= O A3 L oees

Using Theorem 2.1 we have

R.(0)=E, (fvn -5’ (@) = (9)[( g‘;gi -DEN' +.

—1)E N,*1+ O(E N;*).(2.9)

#4(0)
a'(0)
Deficiencies of some estimators based on samples with
random size having the Poisson distribution

A+D((r+D)+2-2(

When the deficiencies of statistical estimators constructed from
samples of random size N, =~and the corresponding estimators
constructed from samples of non-random size » (under the
condition EN, = n) are evaluated, we actually compare the
expected size m(n) of a random sample with n by means of the
quantity d = m(n) - n and its limit value.

We will now apply the results of Section 2.2 to the three
examples. We begin with the case of the Poisson-distributed
sample size. Let M, be the Poisson r.v. with parameter n — 1,
n>21.e.

_ k
P(M,=k)=¢"" % k=0,1,...

Define the random sample size as N, = M + 1. Then, obviously,
EN =nand

EN'=

s -1)f _1-¢"”
Z < (k+1)!  n-1"

Expanding the exponent in the Taylor series, we easily obtain
that

EN;'= 1 + % +0(n?).(2.10)

n n

The deficiency of 7, relative to T (see (2.1)) is given by (2.2),
(2.3), (2.10) and (1.7) with r =5 = 1, a() = 6%(0), b(6) = 0, c()
= 6’(0), and hence, is equal to

d=1.

Similarly, the deficiency of 7, relative to T. (see (2.4)) is
given by (2.5), (2.6), (2.10) and (1.7) with r =5 = 1, a(f) = ¢(0)
=u(0) - *(0), b(0) = 0, and hence, is equal to
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d=1.
Now consider the third example (see (2.7)). We have

x n—1
e -1 e
I dx ~ , N —>0,
0 X n-1
and
ENZN%, n—o.(2.11)
n

Now the deficiency of T, with respect to T, (see (2.7)) is given
by (2.8), (2.9), (2.11) and (1.7) with » = s = 1 and hence, is
equal to

whereas the deficiency of T v, (y,) with respect to T v, (7,) (see
(2.7)) is given by (2.10), (2.11) and (1.7) with » = s = 1 and
hence, is equal to

ntr,+2
1y (0)/a*(0) -1
Thus, the classical T« (0) is better than T, (-1) , if

w©® 1

'O 2

Ay = =7, -2).

s

with the situation reversed, if

w© 1
a*(0) 2
In particular, if X, is normal, then
#,(0) 1=
a'(0)
and
~ 1
dV] 7y T 5 67
One can therefore save an expected 3 / 2 observations by using
the biased estimator 7'v,(0). The best value of y in the normal
case is y = 1 for which do; =2 and which therefore provides an
additional saving 1 / 2 observations.

=) +7,—2).

These examples illustrate the following statement.

Theorem 2.2. Assume that there exist numbers a(6), b(6) and
kI, k2 such that

a(a) b(a)

R, (0)= +o(n™)

and

EN”’1=%+%+0(WZ), EN;Z:%nLo(n’z), EN]=o(n).

Then the asymptotic deficiency of 7, with respect to 7 is equal
to

d(@) — kla(e) +a12(09))(k2 _l) )

The proof follows from Theorem 2.1, (1.6) and (1.7).

Deficiencies of some estimators based on samples with
random size having the binomial distribution

In this Section the results obtained above will be applied to the
calculation of the deficiencies of the estimators T, T, ]~“n (see
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(2.1), (2.4) and (2.7)) constructed from samples whose sizes are
random and have the binomial distribution.

Using the definition of the binomial distribution we directly
obtain the following statement.

Lemma 2.1. Let the r.v. B, have the binomial distribution with
the parameters m(n - 1),n>2 and p = 1 /m, where m > 2 is a
Jfixed natural number. Define the r.v. N, as

N,=B, +1.
Then, as n — oo,

m—

21 +0(n™), EN>= % +0(n™?),

EN,=n, EN;1:1+
n mn

-3

R (0)=E, (TNn —g(0)) = 0_2(9)(% L m

Lemma 2.1 and relations (2.3), (2.6) and (2.9) yield the
following result.

Theorem 2.3. Let the r.v. B, have the binomial distribution with
the parameters m(n - 1), n>2 andp = 1/ m, where m >2 is a

fixed natural number. Put N, = B. + 1. Then,

R(O=E, (T, ~g(0) =" (0)-+" ‘} :
R.(0)=E, (TN -5’(0)) = (u,(0)— o (9))( N
R(0)=E, (T, - (0)) = 0" (0) - (“4?; D+
sl 41 22y —1)(”4% DI} +00r™).

Corollary 2.2. Under the conditions of Theorem 2.3 the
asymptotic deficiencies of the estimators Ty Tn, and T, with
respect to the corresponding estimators T ST, and T, has the
Sform

Deficiencies of some estimators based on samples with
random size having a three-point symmetric distribution

In this Section we will consider the case where the random
sample size N has the symmetric distribution of the form

P(N,=n-h)=P(N,=n)=P(N, =n+hn)=%,(2.12)

where the sequence of natural numbers 2 < n satisfies the
condition

h
lim—=0,(2.13)

n—»wo 1
that is, 2, = o(n) as n — oo. It is easy to see that (2.12) and (2.13
imply that N/ n — 1 in probability as n — co.

Lemma 2.2. Let the r.v. N, have distribution (2.12) under
condition (2.13). Then EN = n and, as n — ,

EN; 7l+
n

( ) +0( (”)) EN”*erO( 3/2( ”))

1 1
EN;ZZ—Z‘FO(?

Loy, £ N
n n
37
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1

EN, = P ( ( ).
The proof follows from the easﬂy verified equalities
EN= 3n® - h: _
" 3n(n’ - h)
1 1 1
EN?= +1+ =
" 3 ((1 —h, /n)? (1+h, /n)“)
1 1 1
EN’?= +1+ =
! 3n’? ((l—hn /n)"? (1+hn/n)3/2)
1 1 h
=—5 T O(—7 (=),
n? P
1 1 1 1 h
EN’=— +1+ == +0(= (2)*).
! ((l—h / n)? (1+hn/n)2) 2 (nz(n))

The asymptotic formulas for £ N,”* and E N, are established
in a similar way.

This Lemma and formulas (2.3), (2.6) and (2.9) directly imply
the following statement.

Theorem 2.3. Let the r.v. N, have distribution (2.12) under
condition 2.13). Then,

R(0)= E,(T,, - 50 = O + 2y o),
R(0)= E,(Ty, (0 = (1,(0) = (O +2h"2)+o< 2),
RAO)=E, (T, ~*(0) =" O LA®
' *(0)
atpegrng -2 Dy g

') ')
Corollary 2.3. Let the conditions ofTheorem 2.3 hold and

2

, N—>0,
n

Then the asymptotic deficiency of the estimators 7, , 7, and

Tw, with respect to the corresponding estimators 7, 7, and 7,
has the form

2h

5

It is worth noting that in Corollary 2.3 % can be arbitrarily
large. Therefore the finite asymptotic deficiency d considered
in Corollary 2.3 can be arbitrarily large. This is in full
correspondence with the conclusion of Section 2.1.

d=

Asymptotic Deficiency and Quantiles

Forn=1letT =T ( .., X ) be a statistic, that is, a measurable
function of the r.v.’s X . X The asymptotic quantile of order
a, o€ (0, 1) (the o — quantlle) of statistic 7, is the value ¢, (n)
for which

PWRT >c.(m)=a+o(n™), n—wn(3.1)
Using Taylor’s formula one has

Lemma 3.1. Suppose that the distribution function of [ T,
satisfies (uniformly in x € R) the relatzon

PN T <x)= G(x)+—g,(x) A1 g,(x) +o(n™),
\/Z n
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Where, G(x), g,(x), g,(x) are sufficiently smooth functions.
Then,

_ g(c,)
JnG(c,)

_ l G(Z)(Ca )g12 (Ca) + G(l)(ca )gz (ca) — & (ca)gl(l)(ca)
n 2GY(c,)) (G (e,

.
c,(n)=c,

) +o(n™),

Where, G(c ) =1 - o.

Corollary 3.1. Let 6, — 0, n — oo. Then under the conditions of
Lemma 3.1 uniformly in x e R

PNnT,<x+5)=

% ,nh)).

o X, 1) other than T | having

2
=PWnT <x)+35,GV(x)+ % G (x) + % g (x) + o(max (52,
n

Now consider a statistic Sn = Sn(X b
o — quantile ¢ (n)

P(n S, >c,(n)=a+on™), n—x(32)

Suppose that:
PR S, <x)= G+ - &)+ L () +o(n™"),(3.3)
n n
Where, G(x), g,(x), g,(x) are some smooth
functions. Define the sequence of positive integers

{m(n)=n+d +o(1), deR,
the asymptotic deficiency)

n=1,2,...} by the relation ( d is

P(Wn S, >c.(mm))=a+on™), n—w0(3.4)

Theorem 3.1. Under the conditions of Lemma 3.1 and (3.3) the
asymptotic deficiency d equals

— 2(g2(ca) B gZ(Ca))

+o(1).
GV(c,)e, .
Proof. It follows from (3.1) and Lemma 3.1 that
— gl (Ca)
c,(n)=c, ———"4—-—
Jn GV (c,)

_l G(Z)(ca)glz(ca) + G(l)(ca)gz(ca)_gl(ca)gl(l)(ca))+0(7[—1)(3.5)

n 2(GYc,)) (G"(c,))
and
S, =, @ c, (m(n)) — ¢, (m(n)) = % Cp— % CAGA R 2CA)) (Cé()l)_(fz)(ca ) +o(n).(3.6)

Moreover (3.4) implies

a+o(n')=PWn S, >c,(mn) =

=P(ym(n) S, = c,(m(m)+6,).3.7)
Using Corollary 3.1 we obtain

a+o(m™)=PNmn) S, >c,(m@m)-5,G"(c,) +on™).
Then (3.2) and (3.6) imply

d= M +o(1). O
GYec,)e,

Now we apply these results to our exapmle.

LetX, X, ... beiidr.v.’s with
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EX =0, EX]=1,E|X, [ <o, k>3,keN,5>0.(3.8)
Define
1
T =—(X,+...+ X,).(3.9)
n

Suppose that the distribution of X, satisfies the Cramer condition

©)
limsup | £ exp{itX,}|<1.(3.10)

|t|—>o0

Under the conditions (3.8) and (3.10) (see Theorem 6.3.2) we
have [8]

k-2 X C .
sup| P(n T, <x) - d(x) - 3. ™" Q,(x) | € 22—, C, s >0, neN,(3.11)
x Pt n

where the functions Q,(x).....0,.,(x) are defined in [8§]

E X}

0(0)=-(" -1 p(x) o L,

X'-3

0,(x)=—(x’ - 3x) qo(x)ET_ (EX])

2
- (¥’ -10x* +15 ( = (3.12
(x x” +15x) p(x) 7 (3.12)
Carrying out the type of computation outlined above we arrive
at the following simplified version of Lemma 1.1 (see (3.11)).

Lemma 3.2. Let the conditions (3.8) — (3.10) with k = 3 be
satisfied and c; (n) be defined by (3.9), then

X,

(u, -+
6vn
EZ X3 4

L (5u, —2”2)4'%
3 2

c,(n)=u, +

(u, =3u,)) +o(n™),

1
+ —_—
12n (
where u = @'(1 — a) denotes the upper o — point of the standard
normal distribution.

Now let Y, Y, ... beiid.r.v.’s and

EY =0, EY’=1,E|Y " <o, §>0.(3.13)
Define

S, :l(Yl +...+Y).(3.14)
Suppose that !

EY} =E X;,(3.15)
And

limsup | £ exp{itY}|<1.(3.16)

[t]—>o0

Applying Theorem 3.1 we obtain
Lemma 3.3. Under the above conditions of Lemma 3.2 and
(3.13) - (3.16) the asymptotic deficiency d (see (3.4)) equals
J-(E X! -EYH@-ud)
12
Samples with Random Sizes

+o(1).

Consider random variables N, N,... € X, X,,..., defined on the
same probability space (€2, 4, P). The r.v.’s X, p Xpoos X, will
be treated as observations with »n being a non-random sample
size, whereas the r.v.’s N, will be treated as random sample size
depending on the parameter neN. For example, if the r.v. N,
has the geometric distribution
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P(N, =k)=l(1 —1)"*‘, keN,
n n
then
EN,=n,(4.1)

that is, the r.v. N is parametrized by its expectation .

Assume that for each n > 1 the r.v. N, takes only natural values,
that is, N, e N and are independent of the sequence X, X, ...
Everywhere in what follows consider the r.v.’s X, X,,... to
be independent and identically distributed. By H = H (X,,..,
X ) denote a statistic, that is, real measurable function of
observations X ,.., X . For each n > 1 define tne statistic H,,
constructed from the sample of random size, that is

H:v'n (w) = H.\r”m;(x1(‘0)w-’ X;V”((r])(a)))ﬁ e

Now assume that the d.f. of the non-normalized statistic H,
admits an asymptotic expansion described by the following
condition.

Condition A. There  exist  constants keN, k=2,
a,eR,i=1,..,k B, >0, C, >0, adifferentiable d.f. G(x) and

measurable functions gx),j=1 ...,k such that

B, =0, max|a, | >0, n—>on,
I<i<k

sup| P(H, <x)-G(x)— i a, g,(x)|<C, B, neN.
Lemma 4.1. If the condition A holds, then

k
qu ‘ P(HN” < x) - G(X) - Z E aiN” gi(x) | < Ck E ﬂNn .

i=1

The proofis a simple exercise on the application of the formula
of total probability.

LetX, X, ... be i.i.d.r.v.’s and

EX =0, EX]=1,E|X,[" <o, k23,keN,5>0.4.2)

Define for each " eN

H = % (X, +..+X)).43)

Suppose that the distribution of X, satisfies the Cramer condition

©)
limsup | E exp{itX,}|<1.(4.4)

[t] >0

Taking into accopnt (4.2), (4.4) and Theorem 6.3.2 [8] we obtain

& —il2 Ck 5
sup| P(H, <x) - ®(x)— Y. n""* O,(x)| < =T C.s>0, neN,4.5)

i=1

Where, [8]
0,(x) = (" —1)<o(x)%,

E X/ -3

L2470 (EX))
24

- (x*=10x" +15 .
(7 =102+ 15x) p(x) —3

0,(x) == (x" =3x) () (4.6)

Using (4.5) and Lemma 4.1, one has
Lemma 4.2. Let the conditions (4.2) - (4.4) be satisfied, then
k=2
sup| P(H, <x)—®(x)~Y EN;"Q(x)|<C,, EN;* "2,
x " = ’

After these preliminaries (see (4.5) and Lemma 4.2), the
following Lemma can be formulated.
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Lemma 4.3. Suppose that the conditions (4.2) - (4.4) hold with
k=4,0 >0 and there exist a, b such that

EN =n, EN" =L Ao, acR,
b i n
EN'==+on"), EN*?=0m"), beR,
Then, "
sup| P(H, < x) - d(x) - 20 L) | 1)
x ‘\/; n
and

sup | P(HNn < x) _ (I)(x) _ Q\]/(i‘) _ sz(x) + an (x) |= 0(7[71).
x n n

Forn>1let H = H (X,.., X ) be a statistic, that is, a measurable

function of the r.v.’s X ,.., X . The asymptotic quantile oﬁof(rifjr

a, a € (0, 1) (the a — quantile) of statistic /7 is the value ~ ¢

for which

PNnH 2h.n)=a+o(n™), n—ow(4.7)
and we consider o — quantile of statistic H, . That is the value
h (n) for which

P(HNn >h,m)=a+om"), n—>n(4.8)
Taking into account (4.5), (4.6) and Lemma 3.1 we obtain

Lemma 4.4. Suppose that the conditions (4.2) - (4.4) hold with k
=4, > 0, then under the conditions of Lemma 4.3 a.— quantiles
) and h (n) admit the following asymptotic expansions

h;(n):ua + E X

61

w2 -1)+

1 E*X] .. EX'-3 ,
+— Su, —2u)) + ——1 > —3u,))+o(n™),
12n( 3 (Su, —2uy,) 5 (uz =3u,)) +o(n™)
EX;
h,(ny=u, + L 1)+
6n
2 3 4
+L(& (Su, —2ui)+w(ui =3u,)+2a EX,3 (u‘i —1)+o(n™"),
121 3 2
where ®(u ) =1 - a.
Define the sequence of positive integers

(mn)=n+d +o(l), d eR, n=1,2,..} by the relation (d is the
asymptotic deficiency)

P(H, . >\/m(n)/n h; (m(n)))=a+o(n™"), n—>n,(4.9)
Now we have in analogy to Theorem 3.1
Theorem 4.5. Suppose that

! +g+o(n’1), aeR,

Jnon
EN'= > +o(n™"), EN*?=0(n"), beR
n

EN,=n, EN,"*=

and
C

I< PR 6>0,

Sl:p | P(H, <x)-G(x) - g\]/(f) _ gZ,SX)

then the asymptotic deficiency d” (see. (4.9)) satisfies
g =28 (e)d-b)~ag(c,))
GV, e,
where G(c)) =1 - a.

+o(1),

The result of these steps is the following Lemma.
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Lemma 4.6. If the conditions of Lemma 4.3 are satisfied, we
have (see. (3.12))

o 21=5)0(,) ~a 0,(w,)

e +o(1).
If o o
E X} =0,
Then,
. (1- —u*)(E X! -
d — ( b) (3 1’;112)( 1 3) +0(1)
Discussion

The case of the samples with random size having a three-point
symmetric distribution

In the previous section the results of section 3 were used to solve
the main problem of this section. Here we briefly discuss another
application of these results (see Lemma 4.2 and Theorem 4.5).
Let N, have a three-point distribution with parameter /_

n—h,n,n+h
1 1

N : b b

1
= 5.1
"3 3 3 (.1)

where 2 <n and

h
lim —-=0.(5.2)

n—o N

Lemma 5.1. Let {h } be a sequence of positive real numbers
with h <n and assume that (5.1) and (5.2) hold. Then,

EN,=n,
1

EN*”H——— 0
T \/—( =)’ + (\/—( "),

_ 1 2 h 1 h
EN, =;+—(i)2 +0- (—")“>,
1

32 _
EN, _n3/2+ (ns/z ))

Proof: Here we only sketch the proof. We have:

2 72
EN;:—3”2 hnz _
3n(n” —h)
1 h2 W ht
— _n_ +O( n ))_
1 2 h 1 h
==+ = () 0= (),
n 3n n n n
1 1 1
EN?= 1 =
! 3n*? ((l—hn/n)m L (1+hn/n)3/2)
( i (,:)2)-

The proof for the other cases are similar and left to the reader.

Carrying out the type of computation outlined above we arrive
at the following simplified version of Lemma 4.1.

Lemma 5.2. Suppose that (4.2) - (4.4) (k =4 and 0 <0< 1),
(5.1) and (5.2) are satisfied. Then
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n

sup| P(H, <x)—(1)(x)—%
x " n

B s
( )|—O( (2+6)/2 (nn)(4 2:))/3).

Corollary 5.2. Under the conditions of Lemma 5.2 we have for
h, = n** (uniformly in x € R )

(x)—

2
Lo+
n

P(Hy <x)= q3()€)Jr\/—Q1(X)+ (QZ(X) QI(X))+0(H*')~

The result of these Lemmas is the following Theorem.

Theorem 5.3. If the conditions of Corollary 5.2 are satisfied, we
have (see (4.7), (4.8) and (4.9))

3

. E X
h,(n)=u, + L2 —1)+
a() a 6\/; ( a )
EzXf . EX'-3 | .
2n (Suy, —2u,) + (u, =3u,))+o(n™),
EX
h,(n)=u, + u, —1)+

6«/2(

2 3 4

o (E L (5u —2u;)+EX' 73(@ —3ua)—%EXf @2 —1)+o(n™),
where ®(u ) = 1 - o and
RN _(-u)EX]
o +o(l) . +o(1).
Conclusion

In the paper we consider asymptotic deficiencies of some
estimators based on the samples with random sizes. It can be
illustrative characteristic of a possible loss of the accuracy of
statistical inference if a random-size-sample is erroneously
regarded as a sample with non-random size. Some basic results
dealing with some properties of estimators based on the samples
with random sizes are also presented.
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