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Abstract

In this paper we prove the edge graceful labeling methods on regular digraphs and characterized the
same for regular digraphs. We also discuss the importance of labeled digraphs in biological networks. A
digraph is said to be regular directed graph, if it satisfies the stronger condition that the indegree and
outdegree of each vertex are equal to each other and same for every vertex.
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Introduction
The theory of complex networks plays an important role in the
bio medical and bio chemical fields. For an example we can
consider the issue of protein functioning. Having different
methods, one of the finest methods to show the protein
functions together is graphical method. We can use directed
graphs to represent the interactions between different entities
such as proteins, chemicals or macro molecules and can also
use to describe biological pathways. In 1965 Rosa introduced
the concept of labelling of graphs. In 1980 bloom and Hsu
defined libelling for digraphs and opened the new door.

By labelling we mean that assigning integers to vertices or
edges or to both according to certain conditions [1]. Rosa [2]
introduced the notion of graceful labelling. Bloom et al. [3,4]
extended the concept of graceful labelling for digraphs also. Lo
[5] defined the new labeling called edge graceful labelling.
Gayathri et al. discussed the strong edge graceful labelling [6].
Thamizharasi [7] and Rajeswari et al. [8] studied graceful and
magic labelling of Cayley digraphs. Labelled digraphs are
currently the most used networks throughout the field of bio
informatics. They can provide valuable insight into the internal
organization of a biological network.

Preliminaries
In this section we define the edge graceful labelling methods
for digraphs and also present the basic definitions which would
be essential to prove our results.

Definition 2.1
A digraph is said to be edge graceful if there exists a bijection
f: E→{1,2….│E│} such that the induced mapping f*=: V →
{0,1,2…│V│ -1} is given by f* (vi)=(Σf (eij)) (mod│V│)
taken over all the outgoing arcs of vi is a bijection where eij is
the jth outgoing arc of the vertex vi.

Definition 2.2
A digraph is said to be strong edge graceful if there is an
injection f:E→{1,2,3….3(|E|/2)} such that the induced
mapping f* (vi)=(Σf (eij)) (mod 2│V│) taken over all the
outgoing arcs of vi is an injection, where eij is the jth outgoing
arc of the vertex vi.

Definition 2.3
An antimagic digraph is a digraph with e arcs labelled with
distinct elements of {1,2,3,…,e} so that the sum of the labels
of the outgoing arcs at each vertex differ.

Main Results
In this section we show that the regular digraph satisfies all the
edge graceful techniques which are defined in the above
section and we provide some examples too.

Theorem 3.1
Every m regular digraph admits Edge graceful labeling if m ≡
1 (mod 2).

Proof:

Let the m regular digraph G (V,E) has n vertices and every
vertex has m outgoing and m incoming arcs. Therefore the
digraph totally has mn arcs. Denote the vertex set of G as
V={v1,v2,…,vn} and edge set of G as E={e11,e12,
…,e1m,e21,e22,…,e2m,…,en1,…,enm} where eij is jth outgoing
arc from ith vertex.

To show that the regular digraph admits edge graceful labeling,
we have to show that there exists a bijection f: E → {1,2,
….│E│}such that the induced mapping f*: V → given {0,1,2,
……,│V│-1} by f* (vi)=(Σ m

 j=1 f(eij)) (mod │V│) is a
bijection. Where eij is the jth outgoing arc of the vertex vi.

Since, m ≡ 1 (mod 2) m is odd.
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������ �: 1, 2… �  as �  ���  =  j−1 �+ �           ��   �   ��   �����+ 1− �           ��   �   ��   ���� (1)
Then the induced function f*: V → {0,1,2,……,│V│-1} given
by, for each vi

f* (vi)=(Σ m
 j=1 f(eij))………..(2)

=i+2n+1-i+2n+i+4n+1-i+….+ (m-1)n+i= �+ m−12 1 + 2 2�+ 4�+…+ �− 1 �
= i + m−12 + n m2− 12   ≡ i + m−12    mod n
Since m is constant, f*(vi) is distinct for every I, 1 ≤ i ≤ p.

Hence the regular digraph Cay (G,S) is edge graceful if │S│≡
1 (mod 2)

Proposition 3.2
Every edge graceful regular digraph G with │G│=n and m ≡ 1
(mod 2) for 1 ≤ i ≤ n is a an antimagic.

Proof:
From the above theorem we know that the regular digraph with
odd number of outgoing arcs is edge graceful. Now we have to
prove that it is antimagic too.

Define f and f* as in equations (1) and (2) of the above
theorem respectively. We have

� * ��   = ∑j = 1m f ���   = i + m−12 + n m2− 12
Since m and n are constants, f*(vi) is distinct for every i, 1 ≤ i
≤ n.

Hence the edge graceful Cayley digraph is always antimagic.

Theorem 3.3
Every Regular digraph admits strong edge graceful labelling.

Proof:
Let the regular digraph with n vertices and m outgoing arcs
from each vertex and define the edge set and vertex set as in
the previous theorem 3.1. To show that the digraph admits
strong edge graceful labeling, we have to show there exists an
injection f: E →{1,2,3…3(|E|/2)} such that the induced
mapping given by � * �� = (∑� = 1� � ��� ) (��� 2 � ) is an
injection. Where eij is the jth outgoing arc of the vertex vi. We
prove this theorem in two cases.

Case (i): if m ≡ 1 (mod 2)
Define f: E →{1,2,3…3(|E|/2)}as

Then the induced function

� * (��) = (∑� = 1� �(���))= �+ 2�+ 1− �+ 2�+ �+ 4�+ 1− �+…+ �− 1 �+ �= �+ �− 12 1 + 2 2�+ 4�+…+ �− 1 �
= �+ �− 12 + 2� �2− 14   ≡ �+ �− 12     ���   2�
Since m is constant, f*(vi) is distinct for every i, 1 ≤ i ≤ n

Hence the Regular digraph is strong edge graceful if m ≡ 1
(mod 2).

Case (ii): if m ≡ 0 (mod 2)
Define f : E → {1,2,3…3(|E|/2)}as� ��� =� − 1 �+ �       ���   � = 1, 3, …�− 1   ���   �  ��+ 1− �     ���   � = 2, 4, …�− 2   (2)
Then the induced function

� * (��) = (∑� = 1� �(���))   �+ 2�+ 1− �+ 2�+ �+ 4�+ 1− �+…+ �− 2 + 1−   �+ �− 2 �+ �+��+ �= 2�+ �− 22 + 2� �24   ≡ 2�+ �− 22     ���   2�
Since m is constant, f*(vi) is distinct for every i 1 ≤ i ≤ n.

Threrefore the Regular digraph is strong edge graceful for even
number of outgoing arcs also. Hence every Regular digraph is
strong edge graceful.

Corollary 3.4
Every edge graceful Cayley digraph is strongly edge graceful.
Since the Regular digraph with even number of generators is
not edge graceful, the converse is not true.

Application of labelled digraphs to visualize the
hydrogen bond networks in protein structures
The most important feature of the hydrogen bond is that it
possesses direction and hence hydrogen bond networks along
with cooperativity and anti-cooperativity can be represented by
directed graphs [9]. Hydrogen bond networks can be
represented by digraphs, where vertices correspond to donor
and acceptor group, and arcs correspond to hydrogen bonds
from proton-donor to proton-acceptor and can be labeled. It
also includes directed edges or arcs labelling which display
available geometrical information about hydrogen bond.

Conclusion
The mathematical division which is used in the study of
complex networks in biological field is graph theory. In this
paper we provided labelling on regular digraphs and explained
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the applications of labelled digraphs in the field of bio
informatics. Some of the problems that can be explored include
the development of topological indices based on the spectra of
protein graphs so as to identify and classify protein folds in the
database.
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