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Introduction

Molodtsov introduced the concept of soft set as a new
mathematical tool for dealing with uncertainties that is free
from the difficulties that have troubled the usual theoretical
approaches [1-8]. Molodtsov pointed out several directions
for the applications of soft sets. At present, works on the soft
set theory are progressing rapidly. Maji et al. [6] described the
application of soft set theory to a decision-making problem.
Maji et al. [5] also studied several operations on the theory of
soft sets. Chen et al. [1] presented a new definition of soft set
parametrization reduction, and compared this definition to the
related concept of attributes reduction in rough set theory. The
algebraic structure of set theories dealing with uncertainties has
been studied by some authors. The hyperstructure theory (called
also multialgebras) is introduced in 1934 by Marty [7] at the 8th
congress of Scandinavian Mathematiciens. Around the 1940’s,
several authors worked on hypergroups, especially in France and
in the United States, but also in Italy, Rssia and Japan. Over the
following decades, many important results appeared, but above
all since the 1970’s onwards the most luxuriant flourishing
of hyperstructures has been seen. Hyperstructures have many
applications to several sectors of both pure and applied sciences.
In Jun et al. [4], applied the hyperstructures to BCK-algebras,
and introduced the concept of a hyper BCK-algebra which is a
generalization of a BCK- algebra, and investigated some related
properties. They also introduced the notion of a hyper BCK-
ideal and a weak hyper BCK-ideal, and gave relations between
hyper BCK-ideals and weak hyper BCK-ideals. Jun et al. [3]
gave a condition for a hyper BCK-algebra to be a BCK-algebra,
and introduced the notion of a strong hyper BCK- ideal, a weak
hyper BCK-ideal and a reflexive hyper BCK-ideal. They showed
that every strong hyper BCK-ideal is a hypersubalgebra, a weak
hyper BCK-ideal and a hyper BCK-ideal; and every reflexive
hyper BCK-ideal is a strong hyper BCK-ideal. In this paper,
we introduce the notions of uni-soft hyper BCK-ideal, uni-soft
strong hyper BCK-ideal, uni-soft s-weak hyper BCK-ideal, uni-
soft weak hyper BCK-ideal, and uni-soft reflexive hyper BCK-
ideal, and investigate several related properties. We provide
conditions for a uni-soft weak hyper BCK-ideal to be a uni-soft
s-weak hyper BCK-ideal. We consider characterizations of a
uni-soft (weak, reflexive) hyper BCK- ideal. We show that the
soft union of uni-soft (weak, s-weak, strong) hyper BCK-ideals
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is also uni-soft (weak, s-weak, strong) hyper BCK-ideal.
Preliminaries

Let H be anonempty set endowed with a hyper operation “»”, that
is, o is a function from H x H to p(H) = p(H)\ {¢} . For two subsets

A and B of H, denote by A ° B the set u{a0b|a eAbe B} . We
shall use x ° y instead of xo{y},{x}oy,or{x}o{y}

By a hyper BCK-algebra (see [4]) we mean a nonempty set H
endowed with a hyper operation “°” and a constant 0 satisfying
the following axioms:

(Hl) (xoz)o(yoz)«xoy,
(H2) (xoy)oz=(xo0z)oy,
(H3)xo H«{x},

(H4)x«yand y«ximplyx=y,

for all x,y,ze€ H, where x«yis defined by 0€xoy and for
every A, BC H,A«B

is defined by Vg € 4, 3b € B such thata «b.

In a hyper BCK-algebra H, the condition (H3) is equivalent to
the condition:

(al)xe y «x implyx=y forall x,y € H.
In any hyper BCK-algebra H, the following hold (see [4]):
x00«{x},00x«{0},000«{0},

(AoB)oC=(A40C)oB,A0oB«A,0 04«{0}, (2.2)
O«x, x«x, A«A, Ao B«A, (2.3)
Ac B= A«B, 2.4
0ox=1{0},0 04=1{0}, (2.5)
A « {0} = 4={0}, (2.6)
xexo0, 2.7

For all x, y, z€ H and for all non-empty subsets A, B and C
of H.

A non-empty subset A of a hyper BCK-algebra H is called a
hyper BCK-ideal of H
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(see [4]) if it satisfies
0e 4,
(Vx,yeH)(x 0 y«d,ye A= x e A).

2.8)
2.9)

A non-empty subset A of a hyper BCK-algebra H is called a
strong hyper BCK-ideal

of H (see [3]) if it satisfies (2.8) and
(Vx,yeH)(x 0oy)NAl =0, ye A=x e A). (2.10)

A hyper BCK-ideal A is said to be reflexive (see [3]) if
if xoxc A forall xe H .

A non-empty subset A of a hyper BCK-algebra H is called a
weak hyper BCK-ideal

of H (see [4]) if it satisfies (2.8) and

(Vx,yeH)Y(x0y)c A,ye A=>xe€ A). (2.11) In what
follows, let U be an initial universe set and M be a set of
parameters. Let

P(U) denotes the power setof Uand 4, B, C, -+ < M .

A soft set (F, A) over U (see [8]) is defined to be the set of
ordered pairs (F, 4A) ={(x,F(x)) :xeM,F(x)e PU)}
where F: M — P(U)such that F(x)=Dif xe/A

For a soft set (F, M) over U and t < U, the set

e(F;7)={xe M | F(x)cC t} is called the T -exclusive set of
(F, M).

For any soft sets (F, M) and (G, M) over U, we define
(F.MYS (G, M)if F(x)c G(x) forallxeM

The softunion of (F,M)and (G, M), denotedby (F,M) (G, M)
is defined to be the soft set over (F UG, M) over U in which F
U~ G is defined by

(F U™ G) (x) =F(x) U G(x) for all x € M.

The soft intersection of (F, M) and (G, M), denoted by
(F,M)N\(G, M) is defined to be the soft set over U in which
F N~ G is defined by

(FAG)(x)=F(x)NG(x) for all xe M .

In what follows let M denote a hyper BCK-algebra unless
otherwise specified. For a soft set (F, M) over U and 4c M | by
F(A4) and F(A4) we mean
F(4)= ﬂA F(a) and F(A) = UA F(a), respectively.

Definition 3.1.

A soft set (F, M) over U is called a uni-soft hyper BCK-ideal

over U if it satisfies:
(Vx,y e M)(x«y = F(x) < F(y)), (3.1
(Vx,y e M)(F(x) 2 F(xy) VF()) . (3.2)

Combining (2.3) and (3.1), we know that every uni-soft hyper
BCK-ideal (F, M) over U satisfies:

Example 3.2: Consider a hyper BCK-algebra M = {0, a, b} with
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then following Cayley table:
Let (F, M) be a soft set over U = R in which

8R if x=0,
f(x)=44R if x=a,
2R if x=b.

It is easy to check that (F, M) is a uni-soft hyper BCK-ideal
over U.

Definition 3.3.

A soft set (F, M) over U is called a uni-soft strong hyper BCK-
ideal

over U if it satisfies:
(Vx,y e M)(F(x°x) c F(x) 2 F(x°y) U F(y)) .
Definition 3.4.

A soft set (F, M) over U is called a uni-soft s-weak hyper BCK-
ideal over

(3.4)

U if it satisfies:
(VxeM)(F(0)c F(x)), (3.5)
(Vx,y e M)(3a € x°y)(F(x) € F(a) W F(y)). (3.6)
Definition 3.5.

A soft set (F, M) over U is called a uni-soft weak hyper BCK-
ideal over

U if it satisfies:
(Vx,y e M)F(0) S F(x) < F(x°») UF(y)). 3.7
Example 3.6: Let M = {0, a, b} be a hyper BCK-algebra which
is given in Example
Let (F, M) be a soft set over U = R in which
8R if x=0.
f(x)=<4R if x=a,
2R if x=b.

It is easy to check that (F, M) is a uni-soft weak hyper BCK-
ideal over U.

Note that every uni-soft hyper BCK-ideal is a uni-soft weak
hyper BCK-ideal. But the converse is not true in general. In
fact, the uni-soft weak hyper BCK-ideal (F, M) over U =R in
Example 3.6 is not a uni-soft hyper BCK-ideal (F, M) over U
= R since

a«b and F(a)</:F(b).
Theorem 3.7.

Every uni-soft s-weak hyper BCK-ideal is a uni-soft weak hyper
BCK- ideal.

Proof: Let (F, M) be a uni-soft s-weak hyper BCK-ideal
over U. For any x, yeM, there exists aex®y such that
F(x)c F(e)VF(y) by (3.6). Since F(a)c F(x°y), it follows
that F(x) € F(x°y)V F(y) . Therefore (F, M) is a uni-soft weak
hyper BCK-ideal over U.



It is not easy to find an example of a uni-soft weak hyper BCK-
ideal which is not a uni-soft s-weak hyper BCK-ideal. But we
have the following theorem.

Theorem 3.8.

Let (F, M) be a uni-soft weak hyper BCK-ideal over U such that
(VT < M)@3x, e T)(F(x,) = F(T)). (3.8)
Then (F, M) is a uni-soft s-weak hyper BCK-ideal over U.

Proof: By the condition (3.8), we know that for every x, ye M
there exists 4, € x°y such that F(a,) = F(x°y). It follows from (3.7)
that

(Vx,y e M)(x«y = F(x) < F(»)).
Therefore (F, M) is a uni-soft s-weak hyper BCK-ideal over U.

Since every soft set (F, M) over U satisfies the condition (3.8) in
a finite hyper BCK- algebra M, we have the following corollary.

Corollary 3.9.

In a finite hyper BCK-algebra M, every uni-soft weak hyper
BCK-ideal is a uni-soft s-weak hyper BCK-ideal.

Combining Theorem 3.7 and Corollary 3.9, we know that the
concept of uni-soft weak hyper BCK-ideals and uni-soft s-weak
hyper BCK-ideals coincide in a finite hyper BCK-algebra.

Proposition 3.10.

Every uni-soft strong hyper BCK-ideal (F, M) over U satisfies
the following conditions:

(1) (Vxe M)(F(0) < F(x)).

(2) (Vx,y e M)(x«y = F(x) C F(y)).

(3) (Vx,y e M)(aexy =F(x) < F(a) U F ().

Proof: (1) Since 0 < x°x forall xe M, we have

F(0)c F(x°x)c F(x).

Let x,y € M be such that x«y. Then 0 e x°y, and thus
F(x°y) < F(0) . It follows from (3.4) and (1) that

F(x)c F(x°y)UF(y)c F(0)UF(y)=F(y).

Let x,yeM _If aex®y, then F(x°y) < F(a). Hence

F@)c F(x°y)w F(y)c F(a)u F(y).A

This completes the proof.

Corollary 3.11.

If (F, M) is a uni-soft strong hyper BCK-ideal over U, then
(Vx,y e M)F(x) € F(x) UF(7) . (3.9)
Proof. Since F(a)c F(x° y) for all aex®y, the result follows
from Proposition 3.10(3).

Corollary 3.12.

Every uni-soft strong hyper BCK-ideal is both a uni-soft s-weak
hyper BCK-ideal (and hence a uni-soft weak hyper BCK-ideal)
and a uni-soft hyper BCK- ideal.

Xin/Zhan/Jun

Proof: Straightforward.

The following example shows that a uni-soft weak hyper BCK-
ideal may not be a uni-soft strong hyper BCK-ideal.

Example 3.13: Let M = {0, a, b} be a hyper BCK-algebra in
Example 3.2. Let (F, M) be a soft set over U = R in which

¢ if x=0,
f(x)=42R if x=a,
R if x=0>.

It is easy to check that (F, M) is a uni-soft weak hyper BCK-
ideal over U = R. Since

F(b°a)U F(a)=2R—;/R = F(b),
(F, M) is not a uni-soft strong hyper BCK-ideal over U = R.
Proposition 3. 14.

If a uni-soft hyper BCK-ideal (F, M) over U satisfies the

condition (3.8), then
(Vx,y e M)(Fa € x°y)(F(x) < F(a) U F(»)). (3.10)

Proof: By the condition (3.8), we know that for every x, ye M
there exists a,€x°y

such that F(a,)=F(x°y) . Hence
F(x)c F(x°y)VF(y)=F(a)VF(y) by (3.2).
Corollary 3.15.

In a finite hyper BCK-algebra, every uni-soft hyper BCK-ideal
(F, M)

over U satisfies the condition (3.10).
Corollary 3.16.

Every uni-soft hyper BCK-ideal is a uni-soft weak hyper BCK-
ideal. Moreover, if M is finite, then every uni-soft hyper BCK-
ideal (F, M) over U is a uni-soft s-weak hyper BCK-ideal over
U.

Proof: Straightforward.

Consider the hyper BCK-algebra M = {0, a, b} which is given
in Example 3.2. Let (F, M) be a soft set over U = {1, 2, 3, 4, 5}
in which

{2,5} if x=0,
Jx)=U if x=a,

(1,2,3,5) if x=bh.
Then (F, M) is a uni-soft weak hyper BCK-ideal over U, but

it is not a uni-soft hyper BCK-ideal over U since a«b and
F(a)cJF (b).

Lemma 3.17 ([2]): Let A be a subset of a hyper BCK-algebra
M. If I is a hyper BCK- ideal of M such that 4«/ | then A is
contained in [.

Theorem 3.18.
For a soft set (F, M) over U, the following are equivalent.

(F, M) is a uni-soft hyper BCK-ideal over U.
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The 1 -exclusive set e(F;7)is a hyper BCK-ideal of M for all
re P(U) with e(F;r)/ =3,

Proof: Assume that (F, M) is a uni-soft hyper BCK-ideal over U.
Let 7€ P(U) be such that e(F;7)/ =@. Then F(a)ct for some
aeM .By (3.3), F(0)cF(a)c7 and so Oce(F;r). Let x, yeM
be such that x°y«e(F;r) and y € e(F;7). Then for every

aex oy, there exists a €e(F';7) such that a «a, and so
F(a) < F(a,) by (3.1). Hence

F(a)ct forall aex o y. It follows that F(x 0 y)cr and
so that

F(x)c F(xo y)UF(y)ctUF(y)=r..
Hence x €e(F;7) and e(F;7) is a hyper BCK-ideal of M.
Conversely, suppose the second condition is valid. Let x, y

€ M be such that x « ¥ and r=F(y). Then y<e(F;7), and
so xee(F;r). It follows from Lemma 3.17 that xe€e(F;7)

and so that F(x)ct=F(y). Moreover, let x,y€M and
put 7 :=F(xo0 y)UF(y). Then yee(F;7), and for each
ae€x oy wehave

Fla)c F(xoy)c F(xoy)U F(y)=1

and hence d € X 0 ), which implies that x 0 y C e(F';7).
Thus x 0 y « e(F;7) by (2.4). Combining y e e(F;7) and
e(F;7) being a hyper BCK-ideal of M, we obtain x € e(F;7)
and so F(x)cr=F(x o0 y)UF(y). Therefore (F, M) is a
uni-soft hyper BCK-ideal over U.

Theorem 3.19

For a soft set (F, M) over U, the following are equivalent.

(N (F, M) is a uni-soft weak hyper BCK-ideal over U.

2) The 1 -exclusive set e(F;7) is a weak hyper BCK-
ideal of M for all t € P(U) with

e(F;7) =9
Proof: The proofis similar to the proof of Theorem 3.18.
Theorem 3.20

If (F, M) is a uni-soft strong hyper BCK-ideal over U, then the
T - exclusive set e(F;7) is a strong hyper BCK-ideal of M for all
re P(U) with e(F;7)/ =0

Proof. Let 7 € P(U) be such that e (F;7)/ = J.Then there exists
ace(F;7r), and so F(a)cr. It follows from Proposition
3.10(1)

that F(0) < F(a) = 7 and so that

Oce(F;r). Let x,yeM be such that
and (x o0 y)ne(F;7) =Q. Then exists
a,€(x o y)ne(F;r) and hence F(a,)< 7. Using (3.4),
we have

yee(F;1)

there
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F(x)cF(xoy)v F(y)c F(a)V F(y)cr,
which implies that x € e(F;7). Therefore e(F’;7) is a strong
hyper BCK-ideal of M.

Now we consider the converse of Theorem 3.20.
Theorem 3.21

Let (F, M) be a soft set over U such that

(VK < M)(3a, € K)(F(a,)=F(K)).

If the 1 -exclusive set e(F; 7) is a strong hyper BCK-ideal of M
forall 7€ P(U)with

@3.11)

e(F;7)/ = then (F, M) is a uni-soft strong hyper BCK-ideal
over U.

Proof. Assume that e(F;f) is a strong hyper BCK-ideal
of M for all 7€ P(U) with e(F;7)/ = Then there exists
xe€e(F;7) and hence x 0 x«x e€e(F;r). Using Lemma
3.17, we have x 0 x C e(F;7) Thus for each 4 €X 0 X
, we have aee(F;7) and so F(a)cr. It follows that
F(xox)c F(x). Moreover let x,yeM and put
B =F(x 0 y)UF(y).Byhypothesis, e(F; ) isastrong hyper
BCK-ideal of M. The condition (3.11) implies that there exists
a, €(x o y)ne(F;p) such that F(a,)=F(x o0 y). Thus
and so a0 e e(F; ) This shows that a, € (x 0 y)Ne(F; )
and thus (x o y)Nne(F;p) =3. Combining y<e(F; /)
and noticing that e(F; ) is a strong hyper BCK-ideal of M,
we get X €e(F; ) Hence F(x)< f=F(xo0 y)UF(y)-
Therefore (F, M) is a uni-soft strong hyper BCK-ideal over U.

Since every finite hyper BCK-algebra M satisfies the condition
(3.11), we have the following corollary.

Corollary 3.22

Let (F, M) be a soft set over U in a finite hyper BCK-algebra M.
If the T -exclusive set e(£';7) is a strong hyper BCK-ideal of
M for all 7 € P(U) with e(F;7)/ = then (F, M) is a uni-soft
strong hyper BCK-ideal over U.

The following example illustrates Theorem 3.21.

Example 3.23: Consider a hyper BCK-algebra M = {0, a, b}
with thew following Cayley table:

Let (F, M) be a soft set over U = {1, 2, 3, 4, 5} in which
{3} if x=0,

f=4{13} ifx=a,
{1,3,5} if x=b.

Then



M ifr ep(U)with{1,3,5} cr,
e(f;7)=1{0,a} ifrep(U)with{1,3} cz < {1,3,5},

{0} otherwise.
Note that {0}, {0, a} and M are strong hyper BCK-ideals of

M. Hence, by Theorem 3.21, (F, M) is a uni-soft strong hyper
BCK-ideal over U.

Lemma 3.24: If (F, M) and (G, M) are soft sets over U, then
F U G(A)=FA) U G(A)
Forall A c M.

Proof: For any subset A of M, we have

FOG(4)=U(/ 96)@) = U(f(@)wG(@)
B (aLeJA(f(a)) ~ (aLeJAG(a)) B f(A) ~ E(A)

This completes the proof.
Theorem 3.25

The soft union of two uni-soft hyper BCK-ideals is also a uni-
soft hyper BCK-ideal.

Proof: Let (F, M) and (G, M) be uni-soft hyper BCK-ideals
over U. Let x, y € M be such that x « y. Then F(x) < F(y) and
G(x) < G(y). Hence

(FU™G) (x) =F(x) L G(x) c F(y) v G(y) = (F U™ G) (y)

Let x, y € M. Using Lemma 3.24, we have

(F U™ G) (x) = F(x) U G(x) < (F(x = y) U F(y)) U (G(x * y) U
G(y)

=FU GExe.y)UF U G)(y).

Hence (F, M) U™ (G, M) is a uni-soft hyper BCK-ideal over U.

By the similar method to the proof of Theorem 3.25, we have
the following result.

Theorem 3.26

The soft union of two uni-soft strong (resp. uni-soft s-weak and
uni- soft weak) hyper BCK-ideals is also a uni-soft strong (resp.
uni-soft s-weak and uni-soft weak) hyper BCK-ideal.

Definition 3.27

A soft set (F, M) over U is called a uni-soft reflexive hyper
BCK-ideal

over U if it satisfies:
(Vx,yeM)F(xox)c F(y) -

(Vx,ye M) F(x)c F(x o y)UF(y))-
Theorem 3.28

Every uni-soft reflexive hyper BCK-ideal is a uni-soft strong
hyper BCK-ideal.

(3.12)

(3.13)

Proof: Straightforward.

Xin/Zhan/Jun

Theorem 3.29

If (F, M) is a uni-soft reflexive hyper BCK-ideal over U, then

the 1 - exclusive set e(F; 1) is a reflexive hyper BCK-ideal of M
for all 7€ P(U) with e(F;7)/ =O.

Proof: Assume that (F, M) is a uni-soft reflexive hyper BCK-
ideal over U. Then (F, M) is a uni-soft strong hyper BCK-ideal
over U, and so it is a uni-soft hyper BCK-ideal over U. Let

7€ P(U) be such that e(F;7)/ =@&. Then F(a) < 7 for some

ae M ,and e(F;7)is a hyper BCK-ideal of M by Theorem
3.18. Now let x e M The condition (3.12) implies that
F(c)cF(xox)c F(a)ct for all c€x 0 X. Hence

cee(F;7),and so x 0 x C e(F;7). Therefore e(f';7) is
a reflexive hyper BCK-ideal of M.

Lemma 3.30 ([3]). Every reflexive hyper BCK-ideal is a strong
hyper BCK-ideal.

We consider the converse of Theorem 3.29.

Theorem 3.31

For a soft set (F, M) over U satisfying the condition (3.11), if
the 7 - exclusive set €(F;7) is a reflexive hyper BCK-ideal of
M for all 7€ P(U) with e(F; M)/ =D then (F, M) is a uni-
soft reflexive hyper BCK-ideal over U.

Proof. Suppose that e(F';7) is a reflexive hyper BCK-ideal of

M for all 7€ P(U)with e(F;M)/ =C. Then e(F;7) is a
strong hyper BCK-ideal of M by

Lemma 3.30: It follows from Theorem 3.21 that (F, M) is a uni-
soft strong hyper BCK-ideal over U. Thus the condition (3.13)

is valid. Let x, ye M and F(y)=/. Then e(F;p) is a
reflexive hyper BCK-ideal of M, and so X 0 x C e(F’; ) . Thus

for each ¢ € x 0 x, we have c €e(F; f) andso F(c)C .
This shows that F'(x 0 x) < f# = F(y). Therefore (F, M) is a
uni-soft reflexive hyper BCK-ideal over U.

We provide conditions for a uni-soft strong hyper BCK-ideal to
be a uni-soft reflexive hyper BCK-ideal.

Theorem 3.32

Let (F, M) be a uni-soft strong hyper BCK-ideal over U satisfying
the condition (3.11). Then (F, M) is a uni-soft reflexive hyper
BCK-ideal over U if and only if the following assertion is valid.

(VxeM)F(x o x)gF(O) . (3.14)
Proof: Assume that (F, M) is a uni-soft reflexive
hyper BCK-ideal over U. The condition (3.12) induces
F(xox)c F(0) forall xeM .

Conversely, suppose that the condition (3.14) is valid. Note
that (F, M) is a uni-soft hyper BCK-ideal over U. Hence

F(O) c F(y) for all y e M , which implies from (3.14) that
F(xo0x)c F(0)c F(y) for all x,yeM -

Put 7:=F(x 0 y)UF(y)for x,yeM . Then e(F;7)
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is a strong hyper BCK-ideal of M by Theorem 3.20.
Theorem 3.20

The condition (3.11) implies that there exists @, €x 0 y
such that F(a)=F(xoy), and so F(aq,)c7. Thus

a, € e(F;7), which implies that (x o y)Ne(F;r) =0
Since y ee(F;7), it follows that x € e(F';7) and so that

F(x)ycr=F(xo0 y)UF(y)forall x,yeM Therefore
(F, M) is a uni-soft reflexive hyper BCK-ideal over U.
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